
Dear Stephen J. Cow1ey,

f was very pleased to learn from Oliver Jensen that you would like
to invite me in your Tuesday afternoons seminar in the Department of
Applied Mathematics and Theoretical Physics. I thank you very much for
this. I have already given the date of 1 February to Oliver Jensen.

Here is the Title of my talk :

"Expansion of the Biot and Savart 1aw applied to a curved slender vortex
filament with axial variation. "

Here is an Abstract :

"We will- show how to obtain the two first orders of the expansion of the
potential flow induced by a curved vortex line with the distance §r§ to
the fine as the expansion parameter by using the method of matched
as)rmptotic expansion of singular integral. The order $O(r)$ of this
expansion will be given with both its local and g1oba1 integral parts.
This method wiII also be used to give the inner expansion of the flow
induced by a slender vortex with the slenderness $\eps$ as the expansion
parameter and an application will be given for a circular vortex ring with
axial core structure variation. Fj-naly we will summarise the derivation of
the equation of motion of the central l-ine [Callegari and Ting SIAM J.
Appl. Math. 35(1), L918), give its generalisation at next order and speak
about its greneralisation to a curved filament with axial variation. "

I would tike to know if this material corresponds to what you want. f
would like to know how many time I have. I would like to know if the
audience will essentially composed of persons of your group :

High-Reynlds-Number Flow (already familiar with asymptotic descriptions)
or if it a much more general audj-ence. Just please let me know.

Thanks you very much.

Yours Sincerely,

Daniel Margerit
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l lntroduction
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2 The potential flow induced by a
vortex line

The curved filament without thickness u - fôct
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Dimensionless : length L - O(Ll K) velociry T I L
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MAESI Method
1) Change of variable s* : a' - a is done :

v(r,p,a) - +/ t(o') x (x - x(a/)) 
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3) Stretched variable o - a* /r introduced
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4) Outer Part : expansion with r of Ex

beca use

t(, * a*) " dlldlt - K(a)b(a) làln.l + O(r)

5) lnner part : expansion with r of In

o expansion of K with r and integrate

o expansion of In with qlr ) 1

6) Addition of Ex and In : q disappears
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3 The expansion of the velocity field induced by a
slender vortex

44*',

Dimensionless : length L - O(ll K) velocity I I L

o Outer limit : e -+ 0 with r fixed: vout -roaÜ(O) a ruout(1') + O(ez)

o lnner limit : e -+ 0 with F - r/efixed: vi" -,-tuinn(o) lyinn(l) +O(e)
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o vout(o) : line vortex, uout(L) + 0

o MAESI method in e :
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4 Application to
with axial

a slender vortex
variation

o Chosen vorticity

tu-

divc^r - 0 and c..r . N - 0 on r - ro(a)

o Decomposition v - ,(, - 0, a) + V
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o lnduced velocity : (g(o, r) : o)
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5 Equation of motion of a curved
slender filament
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o Equation of Callegari and Ting
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. Cut-off eq uations

oxlot: * I ,(,,,t)

where I - 10,2r[\[r - sctsf s"[ r" : cut-off length

Si,ngular Integral for the smal! parameter s"

MAESI + Comparison

s"(s,t) : €exp (1 - In2 - Co(t) - C*(t)) lo(s,t)
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6 Derivation, Assumptions,
Next order

o Equations on curvilinear coordinates (r, 9, t)

v(r, g, s,t,e) : X(r,t,e) + V (r, 9,, s,t, e)

V : ugr*ueglwt

Biot Savart
Contin u ity

(urhs)" + (hsu),p + r'tt)s - Trup: -rX, 't

where hs: o (L - rK(s) cos(e)) and o : lX'l
Navier-Stokes

a - -Vp*yAV - ! (l*")
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o Expansions and Matching
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Outer limit: 6 -+ 0 with r fixed:

uout:yout(O) + ,uout(l) + OGr)

o Expansion in the Biot Savart law

o Matching law:

expansion atr -0and replacer -fe+ Boundary Conditions at f - oo

Only cos(p) a nd sin(p) parts depend on the
unknown X !

lnner limit: e -) 0 with r

*inn - e-Lyt (o)(r, s,t)
Rem'u(o) -0assumed
Leading order axisymmetric
o Equations *
Eq uations on

Ir-oc!

Boundary Conditions at r - 0

cos(cp) and sin(p) need not BC at

+
+

uo)?,p,s,t)
u(1) ?,ç,s,t)
uG) ?, g, s,t)

a.b

o Expansion at at r- oo (Singular integral) +
ldentif ication
+ Equation of motion
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Equation of motion for X(o)
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Equation of motion for X(1) :Fukumoto and Miyazaki + correcting terms
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I Compatibility conditions for the symmetrica! leading order :
-iE

3 u(o) and u@) do not depend on s
'Tl
oF Non-axisymmetric first order onty depend on leading orderN

I

Temporal equations for the symmetricat leading order : closed vortex
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Compatibility conditions for the axisymmetric part o['),*f') of first order :

,y) does not dependent on s and -[') such that :

t)

Non-axisymmetric second order only depend on leading order

Temporal equations for the axisymmetric part first order : closed vortex
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7 Generalisation, Axial variation
o Short time t lr' :

lnitial velocity of the vortex filament + One-time
a na lysis

Performed in 2-d: Ting and rung Phy. Fluid 65
leading order not axisymmetric
leading order axisymmetric and short waves

o Weak Axial variation One-time analysis :

€ : ,. Klein and Ting 91

o Axial variation One-time analysis:

Klein and Ting, Appl. Math. Letr. 92

Temporal equations for a leading order compatible
that depends on s

o Ad-hoc studies (toy models) :

Lundgren Ashurst : Area-varying waves JFM gg

Marshall : Curved vortices with variable core area
JFM 91

Leonard : Nonlocal theory of area-varying waves
Phys. Flu ids 94
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o Short time r - tle :

Ieading order axisymmetric and axial variation

The compatibility conditions become

p(o) - _ 
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,,ro)' 
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" Long wave scaling" (Shallow water)
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r _ ru(o)
_,A ', r'
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S(ü) length of the closed filament

u(o)

ur(o)

62

1

2rf
TTI,g
:
r62

o Similar vortex:
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o Equations of Compatibility :

where qt= * +V
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