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Abstract. The Method of Matched Asymptotic Expansion of Singular Integrals (MAESI) is used
to expand the Biot-Savart law in terms of different parameters. This method is first used to find, in
terms of the small-distance r to a line vortex, the first orders of the known expansion of the potential
flow induced by this line vortex. This method is also used to easily compare two equations of motion
of a slender vortex filament: the one obtained in an ad-hoc way by a cut-off line-integral technique
and the one derived from the Navier-Stokes equations by Callegari and Ting. Finally, this method is
used to give the inner expansion of the flow induced by a slender vortex in terms of its slenderness
€. This is the first inner expansion up to order one in terms of ¢ of the Biot-Savart law for a slender
vortex. An application of this inner expansion is then given to find the induced velocity of a family
of non-circular vortex rings with axisymmetric axial-core variation. In order to understand the time-
evolution of these initial conditions to the Navier-Stokes equations, a short time scale is introduced.
A quasi-hyperbolic system that describes the leading-order dynamics of the axisymmetric axial core
variation on curved slender vortex filament is finally extracted from the Navier-Stokes equations.
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1. Introduction

An integral with a small parameter may become singular if this parameter is set to
zero. The method of Matched Asymptotic Expansion of Singular Integrals (MAESI) [1,
pp- 98—104], [2, pp. 341-349] is a well established method used to obtain the expansion
of such integrals in terms of a small parameter. In an incompressible inviscid or viscous
fluid the Biot-Savart law is an integral equation that relates the velocity field to that
for the vorticity. In analytical studies of slender vortex filaments this integral often
becomes singular in terms of some small parameter. For example the velocity v induced
by a line vortex C of circulation I' is

LT[ X (x- X))
vl = o [ xe &

where X is the cross-product, t is a tangent vector to the line and X = X(a) is
a function which denotes a point on this curve as a function of arclength a. This
expression of v is a singular integral in terms of the distance r to the line. Its expansion
in terms of r is given by several authors [3], [4, pp. 33-38] in the form

r r L
v(r) = %e@ + EK log ?b +Qy + O(r), (2)
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where K is the local curvature of the line, b the binormal vector and e, the orthoradial
vector in a normal plan to the filament (Figure 1). The length £ and the finite part
Q; of the self-induced velocity are not often given but can be found in Callegari and
Ting [5].

In this paper we use the MAESI method to expand the Biot-Savart law in terms
of different parameters. This method is first used in Section 2 to find, in terms of the
small-distance r to a line vortex, the first orders of the expansion of the potential flow
(1) induced by this line. With this method the derivation of this known expansion
becomes straightforward. So this gives a new interesting derivation of this expansion
and is an alternative to the technique of the osculating circle initially used by Widnall
et al. [6] and used by Moore and Saffman [7, 4]. As this method has scarcely been
used in the field of vortex dynamics and will be used in a more complex situation in
Section 4, its successive steps are fully given in Section 2 to show how it works. The
expansion is obtained up to order O(r) as by Fukumoto and Miyazaki [8]. For the first
time all global integral parts are explicitly given.

This method is also used in Section 3 to easily compare two equations of motion
of a slender vortex filament, namely the one obtained in an ad-hoc way by a cut-off
line integral technique [9, 10] and the one derived from the Navier-Stokes equations
by Callegari and Ting [5]. This comparison gives the cut-off length as a function of
the inner structure parameters €', and (', defined by Callegari and Ting.

Finally, the method is used in Section 4 to give the inner expansion of the flow
induced by a slender vortex in terms of its slenderness ¢. This is the first inner
expansion up to O(1) in terms of € of the Biot-Savart law for a slender vortex. The
successive steps of this more complex use of the MAESI method are not given because
this method has previously been described in Section 2 for the line vortex.

An application of this inner expansion of the Biot-Savart law is then given in Section
5 to find the induced velocity of a family of non-circular vortex rings with axisymmet-
ric axial-core variation. These vortex rings with core variation are interesting initial
conditions to the Navier-Stokes equations.

Finally, in order to understand the time-evolution of these initial conditions, a short
time scale is introduced in Section 6. This time is in-between the time of the evolution
of a non-axisymmetric core and the time of motion of a curved vortex. In this Section 6
a quasi-hyperbolic system that describes the leading-order dynamics of axisymmetric
axial core variation on curved slender vortex filament is finally extracted from the
Navier-Stokes equations. This is of interest when compared to systems obtained in an
ad-hoc way such as the one proposed by Lundgren and Ashurst [11].

2. The potential flow induced by a line vortex near this line

The closed line vortex C of circulation I and length S is described parametrically with
the use of a function X = X(s) which denotes a point on the curve as a function of
the parameter s with s € [—7, #[. At each point of this curve the Frenet vector basis
(t, n, b) exists with respectively the tangent, normal, and binormal vectors (Figure 1).
Here and throughout this paper the differentiation df/dx of a function f with respect
to its variable 2 is denoted by f,. The variable o(s) = |X;| is introduced and is equal



Asymptotic expansions of the Biot-Savart law for a slender vortex with core variation 3

to 1if sis an arclength denoted by a. As we are interested in finding the velocity field
near the line C, we introduce a local curvilinear coordinate system M(r, ¢, s) and the
curvilinear vector basis (e,,e,,t) valid near this line. This system is defined in the
following manner; if P(s) is the projection on C of a point M near the curve then PM
is in the plane (n,b) and thus polar coordinates (r, ¢) can be used in this plane with
the associated polar vectors (e,,e,). The induced velocity is then given by

1 t(a) x (x —X(d) .,
E/c x—X(@)P " ®)

v(r,p,a) =

where x = X(a) + re.(p,a). Here all lengths are non-dimensionalized by a charac-
teristic length L of the same order as the inverse of the local curvature K and the
velocity field by I'/L. The expansion of v in terms of r is of interest because it is used
in the asymptotic derivation of the leading-order equation of motion of slender vortex
filament [5] in order to perform the asymptotic matching between the outer region of
the slender filament and the inner region of the core.

This expansion of v in terms of r was first derived with the technique of the
osculating circle by Widnall et al. [6] and then this technique was also used by Moore
and Saffman [7, 4]. The MAESI method is straightforward and gives a new interesting
derivation. In order to show how it works, and as this method has scarcely been used in
the field of vortex dynamics, we found it interesting to quickly give its successive steps
in this section for readers who may not know, or not be at ease with, this method. It is
also easier to give a description of this method in this simple case of a line vortex than
in the more sophisticate case of a slender vortex filament as we use it in Section 4. So
this gives an useful introduction to this following section. As it will be fully described
in the following, this method consists in splitting the integral into two parts. In an
outer region outside a neighbourhood of the point P(a) the integrand is expanded
in terms of r with ¢* = @’ — a held fixed and then integrated. In an inner region in
a neighbourhood of P(a) the stretched inner variable @ = «*/r is introduced. The
obtained integrand is expanded in terms of r with the stretched inner variable held
fixed and then integrated. The last step is the asymptotic matching which consists in
adding these two integrated expansions.

First, in order to move the singularity from a to 0, the change of variable a* = ¢’ —a
is performed and the integral (3) becomes

1 /—I—S/2 K d

vir,p,a) = — r, o, a,a*)da”, 4

(rea) = 2 |, Bnead) (4)

where K(r, ¢, a,a*) = t(a+ a*) x (x — X(a + a*)) /|x — X(a + a*)|>. Following the

MAESI method, the small intermediate parameter 5, such that r < n < 1, is then

introduced and the integral is splitted into two parts v(r, ¢, a) = Out + In , where
—n 1

1 +5/2 1
Out = — Kda* 4+ —/ Kda* and In = —/ Kda™. (5)
dm J_s/2 4 Jy 4 J_y

The stretched variable @ = a*/r is then introduced in the inner region and gives

1 nf/r .
In=—r Kda,
dm S p/r
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Figure 1. The centerline and the local co-ordinates of the vortex ring.

where K(r, ¢, a,a) = K(r, ¢, a,ra) has been defined.

In a first step we perform the outer ezpansion by finding the expansion in terms of
r of the outer part Out. In order to do so, the expansion of K in terms of r is first
found to be

K = t(a+a”) xd/|d]’ —re, x t(a+a*)/|d]
31 (er(,a)-d/ ") t(a +a”) x d+O(?), (6)
where d = X(a) — X(a + «*). This expansion (6) is then integrated with respect to a*
which gives the sought outer expansion.
In a second step we perform the inner expansion by finding the expansion in terms

of r of the inner part In. In order to do so, the expansion of K in terms of r is first
found to be

K = €y i 3Ka? cos e, n Ka*b @4Kze@ 15K2a* cos? e,
T‘g3 295 293 8g5 8g7
3a¢*K?cospb  a? (KT cosg — K,sin @)t + a*K?2e r2
r ( 4g° = ( z 2g° ) . ‘|'O(g_3)7 (7)

where ¢ = v/1 4 a2. Then this expansion (7) is integrated with respect to a. All these
integrals have analytical expressions which are easily found and this gives the sought
inner expansion. There are no longer integrals in this expansion.

In a last step we perform the asymptotic matching by expanding in terms of
n < 1 the found outer expansion, by expanding in terms of n/r > 1 the found
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inner expansion, and by adding these two expansions. This proceeds as follows. In
order to expand the outer expansion in terms of n < 1 and to remove its singularity
in terms of 7, the singular behaviour of each integrand near a* = 0 of the integrals
in this outer expansion is studied. For example the singular behaviour near a* = 0 of
the first term in Equation (6) is

t(a+a*) x d/]d = K(a)b(a)/2la"] + O(1),

and so we can write

+5/2 * +5/2 * -
/ t(a—l—a3)><dda* _ / t(a—l—a3)><d_lﬁ(a)b(a)]da*
7 |d] 7 |d] 2|ax|
+5/2 K(a)b(a) .
+/n o e (8)

As the singular behaviour is now removed in the first integral at the right-hand side
of Equation (8), its expansion in terms of 7 is then simply found by means of a Taylor
expansion and the second integral is easily integrated. When this is done for each
term, we have

Out = A(a) +r(B(g, a) — 3C(,a)) — %K(a) log 25—7710(@)
T
(L4 3 2_77)
+47r (772 o + 4[( log 5 e, (9)

r . . . 21 3 2 2n
—I_E (—sin oK, + cos p KT) log gt - 8—ﬂ_rl§ cos ¢ log gb
+O0(n*) + O (nr) + O(r%),

where T' is the local torsion of the line vortex and A, B and C are given by

Al = = [ L - S (10)
Ble.a) = —er(ea)x [ j[—% ~ /B, e, (1)
cea = [ jf[%waw) «d) - Claada,  (12)
with
Py = Lo + Koo + K5
k = Ku(a)n(a) + K (a)T(a)b(a) — %I(Q(a)t(a),

/) = -
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The inner expansion is then easily expanded in terms of /r > 1 and gives
3 2
1—- (C) ] e,
2\n
r

. n 3 2
+K |-1+1log2+4+log=+-(—) | b(a)
r 4 \n

2e re 33 ;
4rIn = Tw — 77—; + dew—l-lﬁ CoS @

K? 3
—2r [—?ew — ZKQ cos pb(a)

4
(‘g +log 2 + log g) (13)
—r[KT cosp — K, sin ¢] (—1 + log g + log 2) t(a)

—rK? (—1 + log U +log2 — %COS2 c,o) e,
r

5 4

+0(r?) —|—O($) +O(¥).

Finally, the expansions (9) and (13) are added and b(a) = sin(p)e, 4 cos(y)e, is
replaced in the order O(r). As expected, the intermediate parameter 5 disappears and
we end up with the following expansion of the velocity v near the line vortex

1 K K S
v(ir—=0,¢,a) = —e(p—l—ﬂcoscpew{—A{-E [log?—l] b

2y
+rI+ (B - 3C - ﬂ_—SQe@) r+O(r’logr), (14)
where
K*? 4 K? 1 1
I = %7 (e, sin2¢ + e, cos2¢) <log g - 5)] + 13_67 [5‘3@ cos2p + Eew]

1 S
+— (Kgsingp — KT cos ) [log - - 1] t.
4r r

Fukumoto and Miyazaki [8] have already given this expansion (14), but it is the
first time that the expressions of the terms B and C are given. A comparison between
(14) and (2) shows that £ = .5 and that the exact value of Q; is

'K

Q; = E(Coscpe@—b)—l—FA.

This expansion (14) can also be used to easily obtain the induced velocity of a infinite
non-closed line vortex. In order to do so, we consider that this line to be composed
of a central part of length S around the point where the velocity is sought and two
semi-infinite parts on both sides of this central part to complete this line. We easily
obtain the expansion of the velocity near this open line by applying (14) to the central
part of this line and by adding the induced velocity of the two semi-infinite parts.
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3. Comparison between the Callegari and Ting equation of motion and a
cut-off technique

In this section we derive a relation between the cut-off-length parameter that appears
in the cut-off line-integral technique [9, 10] and the inner structure parameters C', and
(' defined by Callegari and Ting [5]. Such kind of comparison between an asymptotic
equation of motion and a cut-off technique was first performed by Widnall et al. [6, 12]
and then by Moore and Saffman [7, 4]. This was left to be done with the Callegari
and Ting equation of motion.

Let us recall that a slender vortex ring of circulation I' is a field of vorticity which
is non-zero only in the neighbourhood of a three-dimensional curve C, called the
centerline. This curve is described parametrically by a function X = X(s,¢) which
denotes a point on the curve as a function of the parameter s, with s € [—7, x[, and
the time t. The thickness § of the ring is of order [ and the other length scales, for
example the local curvature K or the length S of C, are of the same order L. Since
the vortex is slender, a small parameter ¢ < 1 is defined as the ratio [/L.

Using a careful matched asymptotic expansion in the Navier-Stokes equations,
Callegari and Ting [5] found the following equation of motion

K(s,t)
dn
where Q = A(s,t) — [A(s, t)-t(s,t)]t(s,t) with

IX /0t = Q + [~ log e + log(S) — 1-+Cy(t) + Cu(t)] b(s, 1), (15)

ds’,

i [t(s—l—s’,t) X (X(s,t) = X(s+ 1))  K(s,0)b(s,1)

1
A(s,t :—/U s+ st
=075 ( ) X (s,t) = X(s 4 5, t)| 2|A(s, s, 1)]

—T

s+s’

and A(s,s',t) = [ o(s*,t)ds*. Here the velocity field is non-dimensionalized by T'/L
and all lengths by L. In this Equation (15), C,(t) and C,(t) are known functions [5]
which describe the orthoradial and axial evolution of the inner velocity in the core.
This Equation (15) holds for a vortex ring with axisymmetric structure at leading
order and no axial core variation at this order.

Prior to this asymptotic derivation of the equation of motion or the ones of Widnall
et al. [6], and Moore and Saffman [7], the logarithmic singularity in terms of r which
appears in (14) had been avoided by ad-hoc de-singularization techniques. For exam-
ple, with the cut-off integral technique [9, 10] an ad-hoc cut-off of the line integral (3)
gives a de-singularization of this integral in terms of the distance r to this line and
vields the equation of motion:

t(s',t) x (X(s,t) X(s’,t))ds,

X0 - X oF (16)

_ L '
9X /0t = 47T/g(s,t)
I

where I = [0,27[\[s — s.,s + s.[ and s, is an unknown small parameter called the
cut-off length.

This integral (16) is singularin terms of the small parameter s. and can be expanded
in terms of this parameter. In fact the integral in Equation (16) is the same as the
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integral in the Equation (5) of Out if 7 is put equal to s.. So one simply obtains this
expansion of (16) by replacing 7 by s. in (9). The comparison between this expansion
and (15) leads to

Se(s,t) = exp (1 — Cy(t) — Cu(t)) . (17)

€
20(s,t)
This gives the relation between the cut-off length s., the reduced thickness e and
the inner-core parameters C,(¢) and Cy(t) of Callegari and Ting. So Equations (16—
17) are equivalent to Equation (15), except that, when s. of (17) is plugged into
(16), the integral is singular in terms of ¢, while the integral A in (15) is not. This
comparison can also be performed for other kinds of ad-hoc de-singularization [13].
The de-singularized integrals subjected to these ad-hoc techniques are still singular
integrals in terms of their ad-hoc parameter of de-singularization.

4. The inner expansion of the velocity field induced by a slender vortex

In this section the inner expansion of the flow induced by a slender vortex in terms of
its slenderness ¢ is carried out. This is the first inner expansion up to O(1) in terms of
¢ of the Biot-Savart law for a slender vortex. In order to perform this expansion we use
the MAESI method that was previously described in Section 2 for the simpler case of
a curved line vortex. The outer expansion up to O(1) in terms of ¢ of the Biot-Savart
law for this slender vortex is also proved to be the velocity field (3) induced by a line
vortex.

As defined in the previous section, a slender vortex ring is a solenoidal field of
vorticity w(x) which is non-zero only in the neighbourhood of a three-dimensional
curve C. The flux I' of vorticity in each section of the ring is a constant and the
vortex ring may have an axial velocity flux of strength m. One can distinguish an
outer problem defined by the outer limit ¢ — 0 with r held fixed, which describes the
situation far from the centerline C and an inner problem defined by the inner limit
¢ — 0 with 7 = r/e held fixed, which describes the situation near this centerline. The
inner expansion ™ (x, €) of a vector field f(x,¢) is the expansion ¢ — 0 of f(x, ¢)
in terms of 7 = /¢ held fixed and the outer expansion f°'(x,¢) is the expansion
€ — 0 of f(x, €) with r held fixed. The velocity induced by this vortex is given by the

Biot-Savart law
1 w(x’) x (x —x)
E—— dx’ 18
v(x) 47 /// |x—x’|3 * (18)
which can be written in local coordinates near the centerline C

1 2 wlo oA X .= X/ =N
v(r,p,s,t,€) = — /// cwl, ¢ ay o x [X+re, - (X' + e er)]hgfldf"dcp’da’(w)
4m IX + re, — (X’—I—eF’e;)|3

where bl = (1 — K(a')er’ cos(¢')) . In this section, since the parameter € is small, we
want to find the expansion of Equation (19) in terms of €. Thus, for the given vorticity
field w(x) = w(r, p, a,€) = e 2w (7, p, a), we are seeking the following expansions



Asymptotic expansions of the Biot-Savart law for a slender vortex with core variation 9

wout  — wout(O) e wout(l) _I_O(€2)7
yout VOUt(O) 4e Vout(l) —I—O(éz)7
Vinn — 1 Vinn(O) T Vinn(l) ‘|‘O(€) (20)

We denote the radial, circumferential and axial components of the vorticity field w by
wi,ws, and ws, i.e.,
w = wie, +wre, + wst.

The conservation law divw = 0 in the curvilinear coordinates is
(wirhs), + (hawa), + rws, — Trws, = 0, (21)

where T is the torsion of the centerline. The conservation of the circulation along the
vortex also gives [[wsrdrde = 1.
We first perform the outer expansion of the Biot-Savart law (19) and obtain

vout0(x) = P / / / Ul L'Q’ (a(,})(|3_ X(a/))F’dF’dﬁplda’, (22)

where x = X(a) + re.(p, a). In fact, this expression can be simplified, and to do so,
let us define

= //wrdrdcp —-t= // (w —wst) rdrdy = // (wie, +wgey,) rdrde.

The definitions of e, and e,

e, = cos ¢n + sin b, e, = —sin ¢n 4 cos pb,
and an integration by parts gives
D(a) = n// (w1 cos ¢ — wysin ) rdrdy + b// (wy sin @ 4 wq cos ) rdrde
= n// (w1 cos ¢ — wysin ) rdrdy + b// (w1 sin ¢ — (wq)y, sin @) rdrde.
For the vorticity field w(x) = e 2w (7, , a), Equation (21) gives
(@ir)r + (w2)o =0, — K(a) [wi cos p —wysing] + w3, — T'(a)ws, = 0.
We use these two equations to find that
D(a) = % // wagrdrde 4+ b// (w1 sin ¢ + (w1T)7sin @) rdrde

= b// (w1 + (w1T)7) sin ordrde = b//(ezwlfz),—, sin ¢drdy = 0,

where we finally have used the fact that w;r? = 0 at infinity. So D(a) = 0, i.e.
[fwrdrde = t, and Equation (22) simplifies to yield

Ut o gy = L [ He) X (x=X(d))
O p,0) = 47T/C o xX@p (23)
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This shows that at leading order the outer velocity field exactly corresponds to the
Biot-Savart law applied to the Dirac delta distribution w®(®) = -t on the centerline
C. The next order v°" () (7 ¢, a) is indeed not zero and is given in Margerit [14].

We now perform the inner expansion of the Biot-Savart law (19) and to do so we
first introduce the stretched inner variable 7 = r/e¢ in this integral (19) which becomes

(T‘ a 6 6 U.’ r 799/7 a/7 6) X [X + GFeT B (X/ + éfle;’)]h/ F/dfld ’da’ (24)
& IX + ere, — (X' + eF’e;)|3 ° re

This integral (24) is a singular integral in terms of the small parameter €. In order to
find its expansion in terms of €, we use the matched asymptotic expansion of singular
integrals method (MAESI) which has been described in Section 2 for the simpler case
of a line vortex. This method consists in splitting the integration in the axial direction
a’ into two parts. In an outer region outside a neighbourhood of the points M (7, ¢', a)
the integrand is expanded in terms of € with * = a’—a held fixed and then integrated.
In an inner region in a neighbourhood of the points M(7, ¢, a) the stretched inner
variable @ = a* /¢ is introduced. The found integrand is expanded in terms of € with the
stretched inner variable held fixed and then integrated. The last step is the asymptotic
matching which consists in adding these two integrated expansions. A straightforward
calculation gives

: 1
yinn(0) — ~5- // gr'di'dy’, (25)

where

g = w7, ¢ a) x [Fe (¢, a) — re,(¢,a)] /K2,
E* = P+ 7?2/ cos(p — ¢').

At first order we have

1
vimn(l) — A + —[log ——1]b—- — //w X t(a)log k—f’df’d@/
K(a)r
7 //w ©) (F’7 @', a) x n(a)log ﬁF’dF'de’ — (a)zi/ gr'dr'dy’  (26)
2 // w!© ) x t(a) sin (¢ — @')r?di'de’ —I— //gCOS ' dr'dy’,
T

where A is given by (10). These two terms (25) and (26) give the velocity field near and
within the vortex ring of vorticity w = ¢ 2w(©). If the vorticity has only a tangential
component, the term (25) of order 1/¢ is the two-dimensional Biot-Savart law. This
term (25) of order 1/¢ and the term of order loge in (26) were initially found by Levi-
Civita [15-17]. The term of order 1 in (26) was given on the centerline 7 = 0 for an
axisymmetric vorticity by Klein and Knio [18]. The expansion Vinn(F — 00, @, a, €) can
be found with the help of the above expansion of vi™. The matching law states that the
substitution 7 = r /e in the limit Vinn(F — 00, ¢, a, €) gives the limit voU'(r — 0, ¢, a),
i.e. expression (14). That has been effectively checked up to order O(r) by use of the
expression of vi"(2) gbtained with the help of a computer-algebra system (Maple).
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5. The inner expansion of the Biot-Savart law applied to a family of
slender vortices with axial core variation

In this section, the previous expansion (25-26) of the Biot-Savart law is used to obtain
the inner expansion of the velocity field for the following family of slender vortex rings
with axial core variation(Figure 2), namely

=3 wr§<a>t“;§§8> oo+ Me o (1~ ) (27)

where 7g(a) is the core radius of a slender vortex ring of general curved centerline
X(a), 7(a) is the axial derivative drg(a)/da, H is the Heaviside function, and ¢(a,7)
is an arbitrary function. We constructed this family (27) of vortex rings with axial
variation as an exact solution of the conservation law divw = 0 — which can be
checked with the help of Equation (21) — and of the normal condition w-N = 0 on
the interface 7 = 7p(a), where N is the normal to this interface which is proportional
to e, — 7 /hst. In the following we will consider vortex rings without circumferential
component (g(a,7) = 0) of the vorticity field.

The leading-order outer expansion of the induced velocity is the velocity (23) in-
duced by a line vortex on the centerline X(a). In order to analyse the velocity field
induced in the inner region, the relative velocity V is defined by v =v(r = 0,a) 4V,
where v(7 = 0,a) is the velocity field on the centerline. We denote the radial, cir-
cumferential and axial components of the relative velocity field V by u,v,w, i.e.
V = ue, + ve, + wt. The inner expansion of V is taken to be in the form yvinn —
¢~ 1yinn(0) + yvinn(1) + .... The straightforward use of the inner expansion of the
Biot-Savart law (25-26) gives the inner exzpansion of the induced velocity

N

F*

27Tfoew if r* < 1,
= (28)
1

QTF*FO

Vinn(O)

e, ifr>1,
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k2 K : Lok
T [3sin e, + cos pe,] if /< 1,
Vinn(l) — T
K 1
“Ton ([— 2 + 4+ 4log r*] sin e, (29)
+ =5+ 4log r*] cos c,oe@) if 7™ > 1,
7
and
K S
r= =A+—|log—|b
v(r=0,0) = A+ [og ero] : (30)

where 7™ = 7/ry and the global integral A is given by (10). In order to obtain
this result (28-30), we have used the expressions of the following integrals given by
Gradshteyn [19, pp. 409, pp. 621-622]

/27r —1+acosa {—277 ifa <1,
de = )
o (1—=2acosz+ a?) 0 ifa >1,
o 0 if a <1
_ 2y — :
/0 log(1 — 2acosz + a*)da { arloga?  ifa> 1,
Ta™ .
I Ccos NI 2 3 ifa <1,
/ sde = 1_%_
o (1—=2acosz+ a?) 2 ifa>1,
a(a? — 1)
2 sin na sin z ra” 1 ifa <1,
/ -2 5 =) I ifa>1
o (1—2acosz+ a?) s ,
2m —14+acoszx —Ta if a <1,
/ coszdzr = T .
o (1—=2acosz+ a?) - if a > 1.

The velocity up to order 1 is given in the inner region by (28-30) and in the outer
region by (23). The axial derivative 7, of the core radius and the local torsion T
of the centerline do not appear in this inner expansion of the velocity field up to
this order. In order to check our result, we apply the curl in local coordinates to
the obtained velocity field (28-30). The vorticity we derived agrees with the two
first orders of the vorticity (27). The next order of the vorticity field depends on
the order O(¢) velocity field. The velocity (30) on the centerline depends only of the
axial coordinates a and does not affect these two first orders of the vorticity field.
We checked also that the two first orders of the continuity equation are satisfied.
The velocity (30) does not affect these two first orders of the continuity equation.
To check the velocity (30) on the centerline, we use the matching law and compare
the behaviour of the order O(1) velocity field (28-30) at infinity with the one of the
outer velocity field near the line at order O(1) in terms of r given by (14). This
comparison confirms the expression (30) of the velocity field on the centerline. If the
centerline is a circle, the global integral A is A = Klog(8/27)b/(47), as one can
deduce from the comparison between the dimensionless velocity of a circular vortex
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ring K [log[8S5/(2me)] + Cy(t) — 1+ Cyy(t)] /(47) and the equation of motion (15) of
Callegari and Ting.
As in Callegari and Ting [5] a stream function () with

W) — %%1) and v = —pM L O K cos(y)

describes the order-one velocity. This stream function is found from (28-29) and is in
the form () = )y cos(p) with

3roK
) —fgﬂ F*3 if 7 <1,
b = ) (31)
rok T 1 + 47 (14+log )| if 7™ >1
or | r og T if 7 .
and 7* = 7/ry. The streamlines and the velocity field associated with this stream

function (1) are displayed in Figure 3. This figure gives a geometrical description of
the matching law and of the binormal component of the velocity on the centerline.

The family of vorticity fields (27) and its induced velocity (28-30) give an example
of a three-dimensional slender vortex ring with axial core variation that may be an
initial condition to Navier-Stokes equations. We may rise the question of the time
evolution of this core variation on the vortex ring and of the motion of its centerline.
Even when rq is a constant, the velocity (30) of the centerline does not correspond to
the single-time-scale asymptotic solution (15) found by Callegari and Ting [5]. In this
single-time analysis the parameters ), and C, in Equation (15) are C', = 3/4 —log g
and C, = 0 for a leading-order velocity (28). The velocity on the centerline found
from Equation (15) is then

K 1 S
F= =A+—|—-—=+log—|b 2
v(r=0,a) o [ 7 Hlog ero] (32)
and the stream function 1;11 is
5rol 4 .
~ Tom T if r* < 1,
Y = ] (33)
ok [2 a4 <3+1 *)] s
or |7 ™3 ogT if 7 .

where 7 = 7/rg. The two first orders of vorticity are

w = iz [(% — K—chos(cp)e—l—O(ez)) t] H (1 — L) . (34)

€ TTG TG To

The difference between the order O(1/¢) tangential vorticity of the single-time-scale
analysis (34) and the one (27) of the family studied here explains the difference between
the velocities on the centerline (30) and (32). It also explains the difference (Fig-
ure 4) between the stream functions (31) and (33). The vortex ring (27) without axial
variation is an example of a three-dimensional initial condition of the Navier-Stokes
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Figure 8. The streamlines and the velocity field associated with the stream function 1/1(1) of Equation
(31). The circle is the interface 7 = 1.

equation for which the study of the time evolution would require a double-time-scale
expansion with a normal time ¢ and a fast time { = t/¢? as was introduced in two

dimensions by Ting and Tung [20, 21].
We can add an axial flow of strength m to this flow (28-30) by adding the following

field of velocity

V:l Lt—l—em ro(a) Fe —I-f(am)ew]H(l— r ), (35)

e [7ri(a) xra(a) hs hs 2

7o (a)

where f(a,7) is an arbitrary function. We constructed this field as an exact solution
of the continuity equation divv = 0 and of the normal condition v-IN = 0 on the
interface 7 = 7p(a) of the vortex ring. At leading order this field (35) is a vortex sheet
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Figure 4. Radial evolution of the stream function 1/311. The solid line is from Equation (31) and the
dashed line is from Equation (33).

w(0) = mbr=r, /Tie,. When f(a,7) = 0, the first orders of this velocity field are

—t if <,
= (36)
0 if 7 > 1.
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=
. mr(iga) e, if r* <1,
an(l) — Try (37)

0 it 7 > 1.

If these velocities (36-37) are added to (28) and (29), this adds an axial flow of
strength m to the velocity field of the vortex ring previously studied.

6. The leading-order dynamical equations of the axisymmetric axial core
variation on a curved slender vortex

In this section we investigate the time evolution of axisymmetric axial core variation
on vortex filament in order to understand the time evolution of the initial conditions
(27-30) to the Navier-Stokes equations. We denote the radial, circumferential and
axial components of the relative velocity field V by u,v,w, i.e. V = ue, + ve, + wt.
In a single-time-scale analysis for a vortex ring with axial core variation the inner
expansions of the relative velocity components are

uil’ll’l o u(l)(F7@7S7t) —I_7
pimm O (F sty + vW(F g, st)  +..,

wm = O s ) 4+ wD(F s, t) 4.

Unfortunately, for the initial conditions (27-30) one cannot just use the single-time-
scale analysis for a vortex ring with axial core variation as given by Klein and Ting
[22], because the symmetric part of VI™(1) in Equation (29) does not satisfy the
following compatibility conditions of the single-time-scale analysis for a vortex ring
with axial core variation given by Ting and Klein [5, 22]

; r0©) )
Wy 1 T 0 L W, @ o) _
(Fug”)7+ oY = 0, e + R 0,
© o w0 4(0)?2
(0) Ps w - - v _
Wy Ugl) + (0 + mwgo) =0, p9= —/F = dr, (38)

(1)

where ¢ is the axisymmetric part of the radial velocity at order unity and p(® is the

leading-order pressure. Equations (28-29) give v(©) # 0, w® =0, and ugl) = 0. The
third equation of (38) is then not satisfied as the axial derivative pgo) of the pressure
is not equal to zero. The vortex ring (27) without axial variation is the only one that
satisfies these compatibility conditions.

In fact, the time of evolution for these initial conditions (27-30) and for usual axial
core variation on a filament is a time 7 = t/¢ that is in-between the time ¢ = t/¢? of
evolution for a non-axisymmetric core and the time ¢ of motion for a curved vortex.
This regime is not the same as the one considered by Ting and Klein [23, pp. 181-
185] , who studied axial core variation on an open vortex filament by means of a
single-time-scale ¢ and double-axial-scale (s, = €s) analysis. In the double-time-scale
analysis (¢, 7 = t/e€) for an open filament the long-time ¢ behaviour of a core variation
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perturbation that evolves at short time 7 = /¢ is to reach the far distance £ = es of
the Ting and Klein [23] regime. In the following the leading-order equations of this
double-time-scale analysis are given.

With this double-time-scale analysis the inner expansions of the relative velocity
components are

uinn _ u(l)(F7@7S7t7T) ‘|‘7
v = LOF s )+ v DFE e s T
w = w07 st r) + wD(F st )

For this small time the derivatives with the small-time 7 appear in the compatibil-
ity conditions (38) of the single-time-scale analysis and these Equations become the
following equations of evolution for the axisymmetric part of the relative velocity field

- © (@) (0)
(rulM); + ﬁw@ =0, 8gT + ( - )Tu£1>+ Z(o) v® =0,
dw® 0 (0 so 4(0)
- + w4 i ot o) =00 0= / —dr. (39)

When ¢ = 1 the parameter on the centerline is an arclength and these equations are the
?long-wave scaling” shallow-water equations derived from studies of vortex breakdown
of a straight filament [24]. Similar shallow-water equations have been deduced in an
ad-hoc way by Lundgren and Ashurts [11].

Let us define the meridional stream function ¥, with

1 1
) — - ©) — Z4
uC - O'(O)F/l/b’s’ w - FQ/bT?
and introduce the following transformation [24]
g:m(o), y =72,

In these new variables the system (39) becomes

oG 2 D) B
8_7' - m¢sgy + m¢ygs = 0,
oy 2 2 2 B
L 2 _c 2 12 _
D ar + -0 ¢yD ¢s + yO'(O) ggs - (0) y¢s {y D Qﬁ}y = 07 (40)

where D% = rwr(,o) = 4y1by,. The axisymmetric parts of the velocity fields (28-29)
and (36-37) give initial conditions to these equations of evolution on the small-time
7 and their numerical integration is currently under investigation.

7. Conclusion

We have used the method of Matched Asymptotic Expansion of Singular Integrals
(MAESI) to obtain the inner expansion of the Biot-Savart law for a slender vortex
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with core variation. This expansion has been carried out in terms of the thickness of
the filament and is the first inner expansion up to O(1) of the Biot-Savart law for
slender vortex filaments.

The MAESI method has been previously applied to the simpler case of the known
expansion, in terms of the small-distance r to a line vortex, of the potential flow (3)
induced by this line. This derivation is an alternative to the technique of the osculating
circle initially used by Widnall et al. The successive steps of this derivation have been
displayed so as to describe how this method works. This also provides an example of
the expansion of a singular integral in terms of a small parameter and this example may
be useful for other expansions of the same kind in fluid dynamics (e.g. expansion of
ad-hoc de-singularized integrals) but also in other fields (e.g. electromagnetics). The
relation between the cut-off length introduced in the cut-off line-integral technique
and the inner-core parameters C', and ', defined by Callegari and Ting has also been
given.

The obtained inner expansion of the Biot-Savart law was finally used to give the
inner expansion of the velocity field induced by a family of curved vortex rings with
axial-core variation. This expansion was given up to order one in terms of the thickness
¢ of these vortices. This family of vorticity fields gives an interesting example of initial
conditions for the Navier-Stokes equations. In order to understand the time-evolution
of these initial conditions, a short-time scale was introduced. This time is in-between
the time of the evolution of a non-axisymmetric core and the time of motion of a
curved vortex. A quasi-hyperbolic system that describes the leading-order dynamics
of axisymmetric axial-core variation on a curved slender vortex filament was finally
extracted from the Navier-Stokes equations and is of interest for comparison with
systems obtained in an ad-hoc way such as the one proposed by Lundgren and Ashurst.
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